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H o o r c o l l e g e  v r i j d a g 28 n o v e m b e r 2008

Vragen n.a.v. stof vorige week of werkcollege?

Vandaag:
1. W a v e  p a c k e t s  
2 . F o r m a l i s m e :

D i r a c n o t a t i o n
S t a t e  v e c t o r  s p a c e  =  H i l b e r t  s p a c e
(  H e r m i t i a n o p e r a t o r s  )

3 . P a r t i c l e  i n  a  b o x  m o d e l  a n d  r e s e a r c h



Wave packets
V el o ci ty o f  w ave packets

( g r o u p vel o ci ty )
an d  H ei sen b er g

Om v o o r t p l a n t i n g ssn e l h e i d t e b e p a l e n ,  p u n t  v a n  
co n st a n t e p h a se           v o l g e n .

Ve l o c i t y  o f  a p l ane  w av e
V o o r p l a n t i n g v a n  v l a k k e g o l f  
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M o r e  r e a l i st i c,  a  w a v e  p a ck e t :
V e l o ci t y  o f  a  w a v e  p a ck e t
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V o o r d i t g o l f p a k k e t ∆x ∆k ≈ 2π
K l e i n e r e ∆x k a n a l l e e n me t  g r o t e r e ∆k.
K l e i n e r e ∆k k a n a l l e e n me t  g r o t e r e ∆x

F

K o mt d o o r  F o u r i e r  t r a n sf o r m r e l a t i e v o o r g o l v e n :
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V o l g e n d e w e e k  F o u r i e r  t u t o r i a l

X

( )

m
k
m
kkPHASE

2

2
V

2
h

h

=

=

ω

δωωδ
ω

δωωδ

−−

++

00

00

00

kk
k

kk

S t e l ( ) [ ] [ ]( ) ( ) [ ] [ ]( )( )
( ) ( ) ( )( )
( ) ( )( )tkxe

eee

eeetx

txki

tkxitkxitxki

txkkitxkitxkki

δωδω

δωδδωδω

δωωδωδωωδ

−+=

++=

++=Ψ

−

−−−−

−−−−+−+

cos

,

21
3
1

1
3
1
3
1

00

00

000000

I n t e r f e r e n ce  ma xi mu m p r o p a g a t e s a t  
0

0V
kkGROUP
ω

δ
δω

≠=



Filmpje
t=t0

t=t1

t=t2

t=t3

t=t4

For the case of matter waves, 
the ω-k rel ati on  g i ves

vgroup =  2  vph a s e .  
In the movie snap shots here, the blue 
line moves w ith the phase veloc ity  of  
the mid d le plane w ave ( blac k ) , 
attac hed  at a point w ith c onstant 
phase ( red  d ot) .  T he three plane w aves 
have a d if f erent phase veloc ity .  T his 
c auses that the veloc ity  of  the 
c onstruc tive interf erenc e of  the three 
plane w aves ( veloc ity  of  the red  w ave 
pac k et)  is in this c ase tw ic e as f ast.

A n o t h e r  w a y  t o  d e scr i b e  t h i s:
M a xi mu m o f  w a v e p a ck e t i s a  p o i n t  w h e r e  
ma n y  p l a n e  w a y s        w i t h  d i f f e r e n t k
i n t e r f e r e  co n st r u ct i v e l y  ⇒ T h e y  a l l  h a v e  a n d  
k e e p  t h e  sa me  p h a se  ( kx-ω t ) f o r  r e a l i z i n g  
t h i s co n st r u ct i v e  i n t e r f e r e n ce  ma xi mu m,  
w h a t e v e r  t h e i r  k.
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G r o u p  v e l o ci t y  mo r e  g e n e r a l :
A  wave p ack et has a max i mu m d u e to i n terferen ce of 
man y  p l an e waves               wi th amp l i tu d es A ( k ) .
T he vel oci ty  of thi s max i mu m ( g rou p  vel oci ty )  i s 
d etermi n ed  b y  the vari ati on  of ω wi th resp ect to chan g es 
∆k i n k arou n d  the averag e k =  k0
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G r o u p  v e l o ci t y : d e p e n d s o n  d i sp e r si o n  ( ω-k r e l a t i o n ):

For E l ectro M ag n eti c wave p ack ets ( op ti cal  p u l ses)
i n free sp ace ( n o d i sp ersi on ) :

For q u an tu m waves of massi ve p arti cl es
( d e B rog l i e matter waves)
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W h y  u se  t h i s n o t a t i o n ?

C o mp a ct
M o r e  g e n e r a l ,  a b st r a ct ,
a l so  f o r  sy st e ms ( e .g .sp i n )
w h o se  st a t e  ca n n o t  b e  w r i t t e n  a s

B a si s ( p r e se n t a t i o n ) i n d e p e n d e n t

D e scr i b e  t h e  st a t e  o f  a  sy st e m a s so me  a b st r a ct  
st a t e  v e ct o r

Dirac n o t at io n
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Dirac n o t at io n
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B e t w e e n  b r a ck e t s

( ) ∑∑
= =

==
























⇒ΨΨ

3

1

3

1
3

2

1

333231

232221

131211

321

number
scalar
reala

i j
ijji Acc

c
c
c

AAA
AAA
AAA

ccc

A

****

ˆ



Dirac n o t at io n

( ) ( )dxxx ϕϕ ∫∞
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Ψ=Ψ * Inner product – a s  i n l i nea r a l g eb ra

( ) ( )dxxAxA ϕϕ ∫∞
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Ψ=Ψ ˆˆ * T erm  f or ex pecta ti on v a l ue
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E tc. ,  a s  i n l i nea r a l g eb ra ,
on p.  9 7  ( eq .  4 . 2 1  – 4 . 2 5 )

Dirac n o t at io n ( )xΨ↔ΨRelation with previous notation
( ) ( ) ( )xdxxx Ψ=Ψ∫∞
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B asis ( eig en)  vec tor of  x -b asis

=Ψx
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B asis ( eig en)  vec tor of  px-b asis

B ut also,  f or ex am ple,  



H il b e rt  s p ace
ϕThe l i n ea r v ec t o r s p a c e w her e t he s t a t e v ec t o r s l i v e.

I t  i s  t he s p a c e t ha t  c o n t a i n s  a l l  t he p o s s i b l e s t a t e f o r  a  s y s t em .

S a y  t he s t a t e o f  s o m e s y s t em  c a n  b e c o m p l et el y c ha r a c t er i z d d b y  t he p hy s i c a l  p r o p er t y  A ,  w i t h a s s o c i a t ed  o b s er v a b l e Â .

Then ,  ev er y  p o s s i b l e s t a t e Ψ o f  t he s y s t em  c a n  b e d es c r i b ed  a s  a  s u p er p o s i t i o n  o f  ei g en v ec t o r s  ϕa o f  Â  .
The ei g en v ec t o r s  ϕa o f  Â  t hen  s p a n  t he H i l b er t  s p a c e o f  t hi s  s y s t em .
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H e rm it ian ad j o in t ( N I E T TO E TS ,  w el t en t a m en ) Note
or d er !

( )
( )
( ) +++

+++

+++

=Ψ=Ψ↔Ψ=Ψ

=↔

=Ψ↔Ψ

AcAcAA

AAAA

ABBA

ˆˆˆ'ˆ'

ˆˆˆˆ

ˆˆˆˆ

*

In g eneral +≠ AA ˆˆ



H e rm it ian o p e rat o rs
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H erm itian if
and  then 

+Ψ=Ψ↔Ψ=Ψ AA ˆ'ˆ'

H erm itian operators ( ob servab les)  have 
•real eig envalues
•orthog onal eig envec tors
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Particle in a box



P artic le in a b ox :  im portant m od el sy stem .
For example, very simple model for electron trapped around nucleus.
T o ch aracteriz e system:  First solve time-independent S ch roding er E q .
( th is system h as time-independent H amiltonian)

Some additional assumptions needed to find eigenstates:
outside inter v al 0 < x < a
c ontinuous at x = 0  and x = a

solv ing giv es th at       c an b e tak en r eal ov er  0 < x < a 
See b ook  on p. 92
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G r o u n d s t a t e  h a s
f i n i t e e n e r g y !

W h y ?
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T h is giv es th e H amiltonian of a fr ee par tic le for
th e inter v al 0 < x < a,  b ut w ith b oundar y c onditions.

V ery  sim ple m od el f or V ( r)  f or potential f or elec tron in 
H y d rog en atom



S am env atting :

V olg end e colleg e:
Meer over wave packets en Fourier tutorial Fourier
C om m utators
S om e m ore research

• F o r m a l i s m a n d  n o t a t i o n
• D irac notation 
• S tate vector space =  H ilb ert space
• H erm itian operators
• W a v e  p a c k e t s  a n d  H e i s e n b e r g
• P a r t i c l e  i n  a  b o x

H uiswerk  voor H 4

Studiestof:
A lles v an H 4
A ppendix  A ,  b eh alv e laatste pagina
L eesstof:
geen

O efen in g en :
T h uis m a k en ,  v ó ó r  h et w er k c ol l eg e:
4.1 ,  4.2 ,  4.3 ,  4.4,  4.5 ,  4.1 1 ,  4.1 2 ,  4.1 3 ,  4.1 4,  4.1 6 ,  4.2 5 ,  4.2 9
T ij den s w er k c ol l eg e,  1 op g a v e w or dt uitg edeel d,  en
4.6  ( use p. 8 5 7 ) ,  4.9,  4.1 0  ( only  for  < px > ) ,  4.1 5 ,  4.1 7 ,  4.2 1 ,  4.2 2 ,  4.3 3 ,  4.3 5 ,  4.3 6

E x tr a  v oor  z el f l a ter  v er der  oefen en : Z ie w eb p a g in a  v oor  dit v a k

Theorie 19 13



Some extra’s  on  c u rren t 
res earc h  top i c s :
P arti c l e i n  a b ox

Experiments on electron in a box



Z ij aanz ich t

G aA s

E lektronen
in laag van 
1 0  nm  d ikte

G aA s - A lx G a1-x A s hetero struc ture

Q U A N T U M D O T   ( B oven aanz ich t)

2 0 0  nm



2 0 0  nm

Z ij aanz ich t E lektronen

I

B oven aanz ich t 2 D  elec tr on sea
pr esent w h er e

y ellow

Negative vo l tage o n
el ec tr o d es o n s u r f ac e
p u s h es  el ec tr o n s aw ay
f r o m th e ar ea b el o w it



G ate vo l tage c o n tr o l s
th e p o ten tial en er gy
l evel th at c o r r es p o n d s
to th e b o tto n  o f  th e 

w el l .






