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Vandaag:
1. A f m a k e n v o r i g e w e e k
- C o m m u t a t o r s
- D e g e n a r a c y (o n t a a r d i n g )
- C .S .C .O . (v o l g e n d c o l l e g e )

2 . M e e r  o v e r  t i j d s e v o l u t i e s  e n  F o u r i e r

Commutator b rac k e t:    (H5 p. 130)
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ABBABA Commutator ( i n  g e n e ral  an  op e rator)
an d     c ommute ,  s ame  e i g e n v e c torsÂ B̂
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Commutator b rac k e t:
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ABBABA Commutator ( i n  g e n e ral  an  op e rator)
an d     c ommute ,  s ame  e i g e n v e c torsÂ B̂

and    commute, measurement gives again result a1

and    do not commute, gives arb itrary  outcome

Â⇒ B̂
M easure A  w ith  result a1, th en B , th en again A

Â⇒ B̂

Degenerate (o ntaard e)  s tates



H ow  to f i n d  e i g e n v al ue s ?
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L ook  up  l i n e ar al g e b ra:

re p re s e n te d  i n  c e rtai n  b as i s
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Degenerate (o ntaard e)  s tates






=
=
=

333

22

11

ϕϕ
ϕϕ
ϕϕ

VH
VH
VH

o

o

ˆ
ˆ
ˆ



Degenerate (o ntaard e)  s tates
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( ) ( )2121 ϕβϕαϕβϕα +=+ oVĤ

( ) ( )1111 ϕϕϕϕ BHBVVBHB oo
ˆˆˆˆˆˆ ===

[ ] 0=BH ˆ,ˆ

( )211 ϕβϕαγϕ +=B̂but also

1ϕ n ot an  e i g e n state  of        !  B̂ ( se e  book  p .  1 3 7 )

Degenerate (o ntaard e)  s tates
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( )211 ϕβϕαγϕ +=B̂but also

1ϕ n ot an  e i g e n state  of        !  B̂
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Degenerate (o ntaard e)  s tates

C o nc l u s i e:
Als 2  o p e r a t o r e n c o m m u t e r e n (                 ) ,  e n  e r i s G E E N  o n t a a r d i n g
d a n h e b b e n z e d e z e lf d e e i g e n v e c t o r e n (e i g e n f u n c t i e s) .

Als 2  o p e r a t o r e n c o m m u t e r e n (                 ) ,  e n  e r W E L  o n t a a r d i n g
d a n h e b b e n z e m o g e li j k e v e r sc h i lle n d e e i g e n v e c t o r e n (e i g e n f u n c t i e s) .
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T i m e-ev o l u ti o n o p erato r   
F o r  sy st e m  w i t h  t i m e -i n d e p e n d e n t  H a m i lt o n i a n
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H o w  d o e s so m e  p h y si c a l p r o p e r t y  A d e p e n d  o n  t i m e ?
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V o o rru i tb l i k : 
Schröd i n g e r ( n u )  v e rs u s  H e i s e n b e rg  p i ct u re
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H o w  d o e s so m e  p h y si c a l p r o p e r t y  A d e p e n d  o n  t i m e ?

Schröd i n g e r:  T i j d s a f ha n k e l i j k e t o e s t a n d e n
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H e i s e n b e rg :  T i j d s a f ha n k e l i j k e o b s e rv a b e l e n

T i m e-ev o l u ti o n o p erato r   
F o r  sy st e m  w i t h  t i m e -i n d e p e n d e n t  H a m i lt o n i a n
S a y  i t  st a r t s i n  a  st a t e                                     (e n e r g y e i g e n v e c t o r s)( ) 210 ϕβϕα +==Ψ t
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How does some physical property A depend on time?

Û

Last term in general cosine with amplitude and phase
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Free particle - G au s s ian  w av e pack et
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x-r e p r e s e n t a t i o n  a n d  k -r e p r e s e n t a t i o n

F

Fo u rier tran s f o rm s  in  b o o k
b e t w e e n  x-r e p r e s e n t a t i o n  a n d  k -r e p r e s e n t a t i o n  ( o r  n -r e p r e s e n t a t i o n )
⇒ A  d i f f e r e n t  w a y  t o  r e p r e s e n t  t h e  same s t a t e
p .  1 0 0 a n d  1 1 7 e xp a n s i o n  i n t o  a  s e r i e s  o f  d i s c r e t e  s t a t e s
p .  1 0 2 p r o j e c t i o n  o n t o  k -s t a t e s  ( p l a n e  w a v e s )
p .  1 2 5  d e l t a  f u n c t i o n  i n  x-r e p r e s e n t a t i o n
p .  1 2 2  a n d  1 5 8 s q u a r e  w a v e  i n  x-r e p r e s e n t a t i o n
p .  1 5 6 W a v e  p a c k e t  i n  x- a n d  p -r e p r e s e n t a t i o n
p .  1 6 0 G a u s s i a n  i n  x- a n d  p -r e p r e s e n t a t i o n
p .  8 4 9  a n d  8 5 7 A p p e n d i x A ,  C

D i t  o v e r z i c h t j e  m e t  n o g  w a t  u i t l e g  z i t  o o k  i n  
“S t o f O v e r z i c h t  – C o n c e p t e n ” o p  h e t  w e b
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Width ≈ 1 / 2 a
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x- � r e p r e s e n t a t i o n
k- � r e p r e s e n t a t i o n

( s e e  b o o k  p .  1 6 0 )
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T i m e -e v o l u t i o n :

E a s i e r  t o  e v a l u a t e
w i t h  F o u r i e r  t r a n s f o r m !
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W e  u s e  h e r e  t h a t  o n e  c a n  r e p r e s e n t  a  s t a t e  a l s o  i n  t h e  x-k p l a n e

U s i n g  t h e  c o m m u t a t o r b r a c ke t  t o  d e s c r i b e  t i m e  e v o l u t i o n
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V o o r b e e l d j e ,  l a a t z i e n d a t v o o r d e e l t j e m e t  
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Constant of motion:    and    commute
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Already known from time-ev olu tion op erator
For system with time-in d ep en d en t H a mil ton ia n
S a y it sta rts in  a  sta te                                    ( en erg y eig en v ec tors)( ) 210 ϕβϕα +==Ψ t
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H ow d oes some p hysic a l  p rop erty A  d ep en d  on  time?

Û

Ehrenfest’s p ri nc i p l e
E q u a tion s of  motion  f or exp ec ta tion  v a l u es c orresp on d  to c l a ssic a l  eq u a tion s.
O n l y work s ou t f or l in ea r systems!  ( en erg y ∝ x2 a n d  p 2 )  – S ee p rob l em 6 . 2 5
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Samenvatting:

V o l gend e c o l l ege:
C.S.C.O – H i l b e r t  s p a c e  b a s i s

Co n s e r v a t i o n  l a w s
P a r i t y
E x a m p l e  a b o u t  d i f f e r e n t  r e p r e s e n t a t i o n s

1. M e e r o v e r  t i j d s e v o l u t i e
2 . D e g e n a r a c y


